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We report on a general principle using the interlayer exchange coupling to extend the regime of
chiral magnetic films in which stable or metastable magnetic skyrmions can appear at zero magnetic
field. We verify this concept on the basis of a first-principles model for a Mn monolayer on W(001)
substrate, a prototype chiral magnet for which the atomic-scale magnetic texture is determined by
the frustration of exchange interactions, impossible to unwind by laboratory magnetic fields. By
means of ab initio calculations for the Mn/Wm/Con/Pt/W(001) multilayer system we show that
for certain thicknesses m of the W spacer and n of the Co reference layer, the effective field of the
reference layer fully substitutes the required magnetic field for skyrmion formation.
Chiral magnetic skyrmions are localized magnetic vortices with particle like properties. They may occur as stable
or metastable states in chiral magnets due to the competition between Heisenberg exchange and Dzyaloshinskii-
Moriya interaction (DMI) [1, 2], which is the essential ingredient for skyrmion stabilization. Unique static and
dynamic properties of magnetic skyrmions driven by their nontrivial topology make them attractive for the practical
application in spintronic devices [3, 4] and interesting objects for fundamental research.
The DMI is the result of spin-orbit coupling (SOC) that occurs in magnetic systems with broken inversion sym-
metry. The systems where chiral skyrmions have been observed so far can be divided into three main classes: (i)
noncentrosymmetric bulk crystals, e.g. MnSi [5], FeGe [6], FeCoSi [7], (ii) thin films of noncentrosymmetric crystals
e.g. MnSi [8], FeGe [9], FeCoSi [10], and (iii) ultrathin layers and multilayers with surface/interface induced DMI
[11–13]. The latter class of materials seems very promising, because they are most compatible to device technology
and varying the thickness of the layers and the composition at the interface allow to tune the intrinsic parameters
such as exchange, DMI, magnetic anisotropy etc. in a wide range [13–15].
Of particular interests are atomic-scale isolated skyrmions (iSk), whose stability is robust over a large range of mag-
netic fields and temperatures. This brings into play ultrathin layers of chiral magnets with non-micromagnetically
describable magnetic behavior due to competing ferro- and antiferromagnetically coupled exchange interactions be-
tween different atomic sites that are finally the origin of stable achiral exchange spin-spirals (SS) of atomic length
scale. In this case, the role of the DMI is to select a particular chirality of spirals. From micromagnetic theory [16, 17]
it is known that for a given spin-stiffness, DMI and anisotropy, there is in principle always a range of applied magnetic
fields that lead to the skyrmion phase. We show that ultrathin films of chiral magnets with exchange driven SS posses
the same properties as conventional chiral magnets, but the energy scale translates into gigantic magnetic fields that
are not accessible in the laboratory, and thus those type of magnets had been excluded so far. A prototype system
for this type of magnets is a monolayer (ML) of Mn on a W(001) substrate with an experimentally confirmed [6]
atomic-scale chiral exchange stabilized SS, but no skyrmions could be found.
In this Letter, we propose the interlayer exchange coupling (IEC) [19–22] as an elegant approach to stabilize
skyrmions without external field and thus widen the class of chiral magnets hosting skyrmions. We justify our
concept by calculations within a multiscale model based on ab initio calculations and atomistic simulations in the
frame of a classical spin model. The model put forward applies to ultrathin transition-metal films deposited on a
nonmagnetic heavy metal substrate where the DMI is induced by the interface due to the strong SOC [23]. In such a
system, the skyrmions may appear under a magnetic field applied perpendicular to the layer, Fig. 1a. Alternatively,
we propose that the skyrmion phase can be stabilized by designing multilayers composed of two magnetic layers
(top free and bottom reference layers) separated by a nonmagnetic spacer layer, where the applied magnetic field is
substituted by the IEC, which acts as an effective magnetic field, see Fig. 1b. In this approach, the system should
satisfy the following conditions: (i) the reference layer should be a hard ferromagnet with large exchange stiffness
and strong out-of-plane anisotropy, (ii) the effective field induced by IEC should be in the range of the magnetic field
required for skyrmions stabilization and (iii) the internal properties, mainly the exchange coupling and the strength
of DMI of the free layer remain nearly the same as in the parent system.
To describe such a multilayer system we use the following model Hamiltonian, comprising the contribution from
∗Electronic address: a.nandy@fz-juelich.de
ar
X
iv
:1
60
4.
00
25
0v
1 
 [c
on
d-
ma
t.m
trl
-sc
i] 
 1 
Ap
r 2
01
6
2Bapp a
b
reference 
magnetic
layer
Bapp=0
IEC
non-magnetic
substrate
non-magnetic
substrate
non-magnetic s
pace
r
top free 
magnetic
layer
0 2 4 86
JIEC [meV] c
Bapp [T]
Bapp [T]
0 4 8 12 16
JIEC [meV]
Btr1
Btr2
d
Para-
magnetic
state
Saturated 
ferromagnetic state
0
4
8
12
16
JIEC  [meV]B
app
 [T
]
Spin spiral
Skyrmion lattice
Isolated 
skyrmion
Btr1
Btr2BiSkE
BiSkC
�EFSk~�ESkF<kBT~
�ESkF>kBT
BiSkCBiSkE
P SS
, P
Sk
L, D
iSk
  [n
m]
�EFSk
iSk
F
�ESkF
FIG. 1: (color online) Schematic representation of (a) the single magnetic layer system with skyrmions stabilized by a magnetic
field, Bapp, applied normally to the film and (b) an equivalent multilayer system with the Bapp replaced by the IEC between
top free and underlying reference magnetic layers with a fixed out-of-plane magnetization. (c) Energy density (top panel)
and average out-of-plane magnetization (bottom panel) for spin-spiral (SS), hexagonal skyrmion lattice (SkL) and saturated
ferromagnetic (FM) state as functions of Bapp (bottom axis) as well as the corresponding JIEC (top axis) calculated for
Mn/W(001) at zero temperature. The solid green line corresponds to the equilibrium magnetization, dashed lines correspond
to metastable states. The inset shows the dependence of the equilibrium period length P of SS, hexagonal SkL and the size of
isolated skyrmion (iSk) as function of Bapp and JIEC. (d) Magnetic phase diagram for Mn/W(001). The SkL is energetically
most favorable in the range between Btr1 and Btr2 (red area). The range of existence for iSk (shaded gray area) is bounded by
an elliptical instability field BiSkE and a collapse field BiSkC and intersects with the range of equilibrium SkL. The temperature
stability of iSks is restricted by the critical temperature T ∗c , above which iSks appear in skyrmion soup state (yellow area)
where skyrmions with a short life time exhibit spontaneous annihilation and nucleation. In the inset, ∆ESkF and ∆EFSk define
the energy barriers for the transition from the iSk state to the FM state and the reverse one, respectively. For details see [24].
Heisenberg exchange, DMI, out-of-plane anisotropy, Zeeman and IEC between free and reference layer interactions:
H =−
∑
i<j
Jij(mˆi ·mˆj)−
∑
〈i<j〉
~Dij ·[mˆi×mˆj ]−
∑
i
K(mzi )
2
−
∑
i
µ~Bapp ·mˆi −
∑
〈i<j〉
JIEC(mˆi · mˆRj), (1)
where 〈i < j〉 denotes summation over all the nearest-neighbor pairs. mˆ and mˆR are unit vectors of magnetic moment
in the free and reference layers, respectively and µ is the absolute value of the magnetic moment of a free layer atom.
For a fixed magnetization in the hard reference layer, ~mRi = ~mR for all sites i, the IEC term HIEC can be rewritten
as HIEC = −
∑
i µ
~Beff · mˆi with
~Beff = JIECmˆR/µ. (2)
Thereby, in case of out-of-plane anisotropy, ~Beff always points either parallel or antiparallel to the multilayer depending
on the sign of JIEC. The JIEC is determined form first-principles as half of the total-energy difference between the
parallel and antiparallel orientation of the magnetic moments of the free and reference layers.
We apply this model to the prototype system Mn/W(001) with parameters including Heisenberg exchange up to 7th
neighbor shells, nearest-neighbor DMI and uniaxial anisotropy, all obtained from first-principles [24]. We estimated
the contribution of the dipole-dipole interactions and found its contribution negligibly small with respect to other
energy terms [24]. We confirm an atomic-scale chiral SS ground state in excellent agreement with experiment [6].
We have minimized the Hamiltonian (1) considering two equivalent limiting cases, Bapp = 0 and JIEC = 0. We have
identified the critical fields Btr1 and Btr2 and the corresponding IEC for the transition between the SS, hexagonal
skyrmion lattice (SkL) and saturated FM states, see Fig. 1c. To emphasize the equivalence of the two limiting cases,
both values of the Bapp and the JIEC are given in the bottom and top axes in Fig. 1c, respectively. The lower panel
shows the equilibrium magnetization accompanied with the jumps at corresponding phase transitions. The inset
3shows the equilibrium period lengths of the SS (PSS) and the hexagonal SkL (PSkL) and the diameter (DiSk) of an
iSk. Obviously, we expect atomic-scale skyrmions with a diameter of 2-3 nm.
Fig. 1c illustrates the significant difference between SkL and iSk. Contrary to the SkL which may appear as a
metastable state at zero magnetic field, the iSk at low field exhibits an elliptical instability at BiSkE and does not
exist for fields below BiSkE. Moreover, the iSk shows remarkable size variations in strong contrast to the small changes
in the period length of the SkL. Note, in the case of very strong uniaxial anisotropy metastable iSk can be stabilized
at zero applied field [16]. However, the size of such skyrmions and required values of anisotropy became unrealistic,
for detail see [24].
To illustrate the temperature dependence of critical fields and the corresponding IEC, using Monte-Carlo simu-
lations (MCS) we have calculated the magnetic phase diagram presented in Fig. 1d and aslo in [24]. This phase
diagram describes the general behavior of two-dimensional chiral magnets and is in a good qualitative agreement with
experimental observations [9, 10] as well as with recently reported results of Monte Carlo simulations for Pd/Fe/Ir
[17]. Both the phase transition lines between SS and SkL as well as between SkL and FM states exhibit only a weak
temperature dependence and therefore, the applied magnetic field or the IEC required to stabilize the SkL remains the
same even at high temperatures. On the other hand, the range of existence for iSk strongly depends on the tempera-
ture. We have found a critical temperature T ∗c above which the average energy of the thermal fluctuations becomes
higher than the energy barrier which protects the iSk from the collapse. In this particular case of Mn/W(001), T ∗c
is found to be approximately half the ordering temperature Tc ≈ 110 K, but in general, it is a function of material
parameters and may vary for different systems. In a certain region above T ∗c , marked as yellow area in the phase
diagram, spontaneous annihilation and nucleation of iSk takes place. We refer to this state as the boiling skyrmion
soup, because skyrmions appear and disappear as bubbles on the surface of the boiling water. The physical reason
for the appearance of the skyrmion soup is that the energy barriers for the transition between iSk and FM state,
∆ESkF, as well as the reverse one, ∆EFSk, become comparable to the energy of thermal fluctuations kBT , see inset
in phase diagram. The skyrmion soup state also can be interpreted as the special B-T range where the saturated
ferromagnetic ground state becomes unstable with respect to spontaneous nucleation and following annihilation of the
skyrmions. Experimental measurements for the skyrmion life-time in this state provide direct access to the estimation
of the energy barriers controlling skyrmion nucleation and annihilation processes. As far as the stability range of
iSk is temperature dependent, it is important to identify the optimal magnetic field for which the iSk remains stable
within the whole range of temperature between 0 K and T ∗c .
According to the phase diagram, both phases iSk and SkL are stable over a large range of magnetic fields and
temperature. The optimal field to stabilize iSk has to be fixed slightly above Btr2. For the SkL, this field has to be
between Btr1 and Btr2, both can be experimentally identified from the jumps on the magnetization curve, Fig. 1c. For
the prototype system Mn/W(001) discussed in this letter, we indeed find magnetic fields of gigantic values, Btr1 ≈ 18 T
and Btr2 ≈ 37 T.
In order to realize the appropriate field Beff in terms of the IEC field (Eq. 2) exerted on the Mn free layer of the
Mn/W(001) system, we deviced a realistic multilayer system, Mn/Wm/Con/W(001) and estimated the number of
atomic-layers m and n by ab initio calculations to design a reference layer that fulfills conditions (i)−(iii) mentioned
above. For the case of n=1, the results of the IEC between Mn and Co and the magnetic anisotropy of Co as function
of the number of W spacer layers m are presented in Fig. 2a and b, respectively. The IEC in Fig. 2a exhibits an
oscillatory behavior and for m ≤ 7 the corresponding effective field varies in the range of few tens of Tesla. For
the spacer thickness m = 5, 6, and 7, the effective magnetic fields are about 60, 25, and 21 T, respectively, which
are inside the range of magnetic fields required for skyrmion stabilization, see Fig. 1c and d. The thickness of the
nonmagnetic spacer affects also the magnetocrystalline anisotropy (MCA) energy, Fig. 2b. The magnetic moments of
about µMn = 3.1 µB and µCo = 1 µB on Mn and Co, respectively, depend only weekly on m (not shown).
TABLE I: Results of ab initio calculations for multilayers of different geometry, Mn/W7/Con/Pt/W(001). Magnetic moment
of Co, µCo as well as energy of FM stability, ∆, and MCA, K˜Co, of the reference layer calculated per magnetic Co atom. In
particular, for the last example system, the Co magnetic moment at the W/Co interface is very small compared to other Co
atoms and we consider it as a nonmagnetic atom in Eq. 1. K˜Co > 0 refers to out-of-plane easy axis.
Multilayer Magnetic moment ∆ K˜Co
system of Co (µB) (meV) (meV)
Mn/W7/Co1/W(001) 1.04 1 0.93
Mn/W7/Co3/W(001) 0.52, 1.29, 0.29 15 −0.05
Mn/W7/Co3/Pt/W(001) 0.44, 1.56, 1.68 68 −0.41
Mn/W7/Co4/Pt/W(001) 0.15, 1.57, 1.72, 1.62 135 1.12
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FIG. 2: (color online) (a) Strength of the IEC between Mn and Co and (b) MCA of Co monolayer with respect to the thickness
m of the W spacer, corresponding to the calculation for Mn/Wm/Con/W(001) with n = 1. For Mn/W7/Co4/Pt/W(001),
(c) and (d) represent the energy of a flat homogeneous SS for the reference Co (squares) and the free Mn (circles) layers,
respectively, calculated without SOC with respect to inverse SS period length, λ−1, along the 〈110〉 direction. The dashed
(green) line is the fit to the Heisenberg model to calculate the exchange parameters. Solid (red) line is a fit to the Heisenberg
model for the pristine Mn/W(001) system, used for the calculation presented in Fig. 1.
Another important parameter which needs to be examined is the exchange stiffness of the Co layer which has to be
large enough to realize a hard FM reference layer. In Table I, we present the ab inito results for multilayer systems
of different Co thicknesses and interfaces for a given W spacer layer. The energy difference ∆ > 0 represents the
stability energy of the FM state of Co calculated with respect to the antiferromagnetic c(2× 2) state, which is known
to be the ground state for the Co ML on W(001) system [42]. The higher value of ∆ attributes to the higher exchange
stiffness and ∆ increases with the number of Co layers. We have found that the Co/W interface significantly reduces
the magnetic moment of the Co atom at the interface and inhibites the hardness of the thin reference layer.
To achieve a high exchange stiffness we modify the Co/W interface by introducing an additional Pt ML. The
Co/Pt/W interface shows a strong influence on ∆ and µCo, both are increased significantly compared to the pure
Co/W interface (compare rows two and three in Table I). The thickness and the interface composition also affect the
MCA of the Co layer (see the last column in Table I). For the case of 4 Co MLs, both the strong out-of-plane K˜Co
and the large positive ∆ are achieved.
Focusing on the Co4/Pt/W(001) system, to characterize the Mn/Wm/Co4/Pt/W(001) system, for m = 7, we
have calculated from first-principles the energy dispersion for homogeneous flat SSs in the reference and free layers,
Fig. 2c-d. Such a SS is characterized by a wave vector q or period length λ = 2pi/|q|. Following the approach
proposed in Ref. 43, from fits to the energy dispersion we extracted the parameters A˜Co = A/VCo, D˜Co = D/VCo and
K˜Co = K/VCo where A, D and K are micromagnetic constants of exchange stiffness, DMI and uniaxial anisotropy,
respectively, and VCo is the average volume per single Co atom in the unit cell. The interplay between these three
quantities determines the magnetic ground state of a system. The criterion for the stability of homogeneous FM state
is κ = piD/(4
√
AK) < 1 [44].
An exchange stiffness constant of A˜Co = 90 meV·nm2 and an average DMI constant of D˜Co=−1.62 meV·nm are
calculated from the energy dispersion without and with SOC, respectively (for details, see [24]). Note, both the
interfaces W/Co (−1.9 meV·nm) and Co/Pt (−2.7 meV·nm) contribute to the average D˜Co. We estimate the average
out-of-plane anisotropy of the Co layer to be K˜Co = 1.12 meV.
Taking into account the values of A˜Co, D˜Co and K˜Co and their ratio to corresponding micromagnetic constants, we
have estimated κ = 0.13 which shows that the assumption of a hard FM reference layer with out-of-plane anisotropy
5as required in our model is fully satisfied for the prototype system of Mn/W7/Co4/Pt/W(001).
Finally, we examine the influence of the underlying Co reference layer on the coupling parameters of the Mn free
layer. From the ab initio calculations for Mn/W7/Co4/Pt/W(001) we have estimated the coupling constants for the
Heisenberg exchange as the dominant energy term. In Fig. 2d, the energy dispersion of the flat SS in the Mn layer
is shown. One can see an equivalent behavior to the pristine Mn/W(001) system. A fit to the Heisenberg model
reveals that the exchange interactions Jij remain almost unchanged, see [24]. The DMI, which is the sum of the layer
resolved contributions of the first few layers [43] remains unchanged for a nonmagnetic spacer thick enough, m ≥ 5.
For Mn/W7/Co4/Pt/W(001), we have found an about 56% higher out-of-plane MCA, K˜Mn = 5.6 meV of the Mn
layer as compared to the pristine Mn/W(001), 3.6 meV.
Summarizing all results for the Mn/Wm/Con/Pt/ W(001) multilayer system, we conclude that the multilayers
engineered with m = 5 and 6 W spacer layers and with a reference layer of n = 4 Co layers are the best candidates
for stabilizing iSk and SkL, respectively, without applied magnetic field. In the systems with m = 5, 6, and 7 layers
of W, the IEC exerts huge effective out-of-plane magnetic fields of about 42, 22, and 15 T onto Mn with a strong
out-of-plane anisotropy K˜Co of about 0.95, 0.83, and 1.12 meV/Co atom, respectively. The presence of the reference
layer modifies slightly the MCA energies of Mn, K˜Mn, to about 4.4, 4.5, and 5.6 meV, respectively, but this influences
a little on the skyrmion size and skyrmion formation.
In conclusion, we extended the micromagnetic concept of stabilizing skyrmions by applied magnetic fields to
skyrmions stabilized by interlayer exchange coupling. This enables the skyrmion formation in chiral magnets with
competing exchange interactions that lead to more complicated magnetic ground states such as exchange spin-spirals
that result in atomic-scale skyrmions, which may be robust over wide temperature and magnetic field ranges. Re-
placing the prototype system Mn/W(001) by the multilayer system Mn/Wm/Con/Pt/W(001), we have shown that
by varying the geometrical parameters such as thickness and fixed-layer compositions, one can achieve a stabilization
of small-scale (DiSk ≈ 2 nm) magnetic skyrmions even when the required applied magnetic field would have been
gigantic. Our approach is rather general and can be used for any two-dimensional chiral magnet with surface/interface
induced DMI and thus provides a perspective direction to extend the number of possible systems where magnetic
skyrmions can be observed also at elevated temperatures.
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7Supplementary Materials
S1. DETAILS OF THE AB INITIO CALCULATIONS
All the first-principles results presented in the main text are performed using the FLEUR [1] implementation of
the all-electron full-potential linearized augmented plane-wave method [2] in the film geometry [3]. Our asymmetric
multilayer, Mn/Wm/Con/W(001), consists of an atomic-layer of Mn, different thicknesses of W spacer layers, a Co
reference layer of different thicknesses and eight layers of W(001) as the substrate with the experimental lattice
constant 3.165 A˚ of bulk W. We checked the number of W layers used as a substrate and do not find any quantitative
changes for higher number of W layers. Most of the calculations are performed using a p(1×1) surface unit cell, which
comprises only one atom per layer. The inter-layer distances in each geometry is relaxed within the generalized-gradient
approximation (GGA) using Perdew, Burke, and Ernzerhof [4] functional. The atomic structures are considered
relaxed when all the forces on the atoms comprising the Mn/W interface, spacer, reference layer, W/Co, Co/W,
Co/Pt, Pt/W interfaces as well as the first three sub-layers of the substrate close to the reference layer are smaller
than 1mRyd/a.u. Other quantities such as magnetocrystalline anisotropy (MCA), ferromagnetic stability of the
reference Co layer ∆, spin-spiral (SS) energy have been calculated using the LDA functional [5]. The convergence
with the cutoff energy for plane wave expansion of wave-functions and k-points used for two-dimensional Brillouin-zone
(BZ) integration has been checked carefully. For collinear (spin-spiral) calculations we have used a wave vector kmax =
3.8 a.u.−1 (4.0 a.u.−1) to expand the LAPW basis functions. In most collinear calculations with the p(1×1) unit cell,
the charge densities are converged using k‖ = 256 in the full Brillouin zone. The antiferromagnetic state is constructed
using the c(2 × 2) surface supercell of each film geometry with and without the top Mn layer. ∆ is estimated per
magnetic Co atom. For the MCA calculations, the spin-orbit interactions have been considered using the force theorem
where a dense k‖-point mesh (2500) is used in the full BZ. In order to calculate the Dzyaloshinskii-Moriya interaction
(DMI), we have calculated the energy shift of each SS state due to the spin-orbit coupling (SOC) within first-order
perturbation theory. The calculations of flat SS corresponding to Co and Mn layer in Mn/W7/Co4/W(001) multilayer
are carried out using 1600 and 2500 k‖-points, respectively, in the full BZ. Note, individual SS calculations of top Mn
and reference Co layers are carried out such that the magnetic moments of the layer for which the SS calculation is
performed are confined in the plane while rest of the magnetic moments are considered perpendicular to the plane.
Therefore, Co and Mn layers are magnetically decoupled during individual energy dispersion calculations.
S2. GROUND STATE OF MN/W(001) AS WELL AS THE DZYALOSHINSKII-MORIYA
INTERACTION AND EXCHNAGE STIFFNESS FOR THE CO LAYER AND HEISENBERG
EXCHANGE PARAMETERS FOR THE MN LAYER IN MN/W7/CO4/W(001)
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FIG. S2.1: Figure illustrates a fourfold-symmetric square lattice with the surface atoms Mn on top (blue spheres) and an
adjacent layer of heavy atoms W (gray spheres). The vectors of magnetic moments of Mn atoms are marked as red arrows.
The nearest-neighbor DM unit vectors between the central and the nearest-neighbor Mn atoms are shown as green arrows. The
resultant unit vector η is inplane.
In order to confirm the validity of our approach first we compare the theoretical and experimentally observed ground
state of the prototype system Mn/W(001). We adapted the set of Jij ’s given in Ref. 6. In comparison to Ref. 6,
we improved the fitted values of the exchange parameters Jij ’s by noticing that in Ref. 6 all Js up to the 5
th shell
8FIG. S2.2: Corresponding to the multilayer, Mn/W7/Co4/Pt/W(001), (a) the energy of a flat homogeneous SS (squares) for
the reference Co layer calculated without SOC is shown with respect to λ−2 and (b) the shift in energy of the SS (circles) due
to the SOC within first order perturbation theory is shown with respect to λ−1. λ is the period length of the SS.
of neighboring atoms were fitted, but according to Fig. S2.1b, the distances of the atoms in the shells 5-7 are very
similar. We suppose a restriction of the fit up to the 5th shell is inconsistent and we improve the fit by including
also the atoms of shells 6 and 7. The final set of Jij used in the Monte Carlo simulations is provided in the first
row of Table S2.1. We use only a nearest-neighbor Dzyaloshinskii-Moriya interaction (DMI) with the absolute value
D = −9.2 meV per pair of Mn atoms. This is consistent with value of +4.6 meV per Mn atom of Ref. 6, due to a
slightly different definition of the DMI. Normalized direction of Dzyaloshinskii-Moriya vector ηij =
Dij
|Dij | is defined
according to the Fert-Levy approach [9] as
ηij =
∑
k rki × rkj
|∑k rki × rkj | , (S2.1)
where rki is the vector connecting positions of the nonmagnetic W atom k and the magnetic Mn atom i. Note,
the summation in equation (S2.1) runs over the neighboring nonmagnetic atoms, which are mutual neighbors for
both magnetic atoms i and j. In this system, the DMI unit vector, ηij , defined by S2.1 is found to be inplane
between nearest-neighbor Mn atoms at the surface, see Fig. S2.1a, as can be implied by Moriyas [2] (in the main
text) third symmetry rule and consistent with the results of Udvardi et al. [7]. For the magnetic anisotropy constant,
K = 3.6 meV has been used.
With this set of parameters we reproduced the ground state of the Mn/W(001) system with a high accuracy. The
SS with period PSS w 2.25 nm propagating along 〈110〉 directions has been found to be the ground state which is
in a good agreement with experiment. In particular, spin-polarized scanning tunneling microscopy experiments on
Mn/W(001) found the same 〈110〉 propagation direction of the SS and the period was estimated as ∼ 2.2 nm [6].
A linear fit (solid line) to the dispersion energies in Fig. S2.2a results in an exchange stiffness constant of A˜Co =
90 meV·nm2. On the other hand, in Fig. S2.2b, an average DMI constant of D˜Co=−1.62 meV·nm is calculated by a
linear fitting (solid line) to the energy shifts due to the SOC.
In Table S2.1, the Heisenberg exchange interactions extracted for Mn spiral in the equivalent multilayer system
Mn/W7/Co4/Pt/W(001) do not differ significantly to the corresponding exchange interactions used in the Monte
Carlo (MC) simulations for the pristine Mn/W(001) system. Moreover, these parameters with the extracted mag-
netocrystalline anisotropy of Mn (≈ 5.6 meV) results in the same period length of SS as the ground state for the
equivalent system.
TABLE S2.1: Exchange interactions extracted from Heisenberg model for Mn SS in Mn/W7/Co4/Pt/W(001) multilayer is
compared with pure Mn/W(001) system used in our MC simulations.
Equivalent Heisenberg exchange coupling in meV
systems J1 J2 J3 J4 J5 J6 J7
Mn/W(001) 19.7 −2.5 −1.5 −0.5 −0.56 −0.56 −0.28
Mn/W7/Co4/Pt/W(001) 20.25 −2.9 −1.81 −0.45 −0.15 −1.2 −0.03
9S3. THE ROLE OF DIPOLE-DIPOLE INTERACTION
In this section we present a simple approach which allows to estimate the contribution of the dipole-dipole interaction
(DDI). Here we made the estimation of the DDI contribution for two-dimensional (2D) systems, but in general this
approach can be easily generalized also for three-dimensional case.
The general form for the energy of dipole-dipole interaction for atomistic models is
Ed = −µ
2
sµ0
4pia3
∑
i<j
3(rˆij · mˆi)(rˆij · mˆj)− mˆi · mˆj
R3ij
, (S3.1)
where µs is the absolute value of the magnetic moment in units of Bohr magneton, Rij = |~Rij | are the distances
between moments i and j in units of the lattice constant a, rˆij = ~Rij/Rij are the unit vectors in the direction of ~Rij .
Let consider 2D square lattice of spins in the plane of z = 0 and infinite in x- and y-directions. The highest energy
of DDI in this case corresponds to mˆi ≡ (0, 0, 1) and the DDI energy per lattice site is
ed =
µ2sµ0
4pia3
+∞∑
i=−∞
′ +∞∑
j=−∞
′
1
(i2 + j2)
3/2
, (S3.2)
The sum in (S3.2) excludes the position of the lattice site i = j = 0 (denoted by ′) and can be calculated explicitly
[8]
+∞∑
i=−∞
′ +∞∑
j=−∞
′
1
(i2 + j2)
3/2
= 4 · β(3
2
) · ζ(3
2
) = 9.03362, (S3.3)
where β(s) and ζ(s) are the values of Dirichlet beta and Riemann zeta functions for s = 32 , respectively.
Thereby, the maximum energy of DDI per one lattice site of infinite 2D square lattice of Mn/W(001) with µs =
µMn = 3.1µB = 179.4× 10−6 eV/T and a = 3.164 A˚ is
emaxd =
µ2sµ0
4pia3
× 9.03362 = (179.4× 10
−6eV/T)24pi × 10−7T·m/A
4pi × (3.165× 10−10m)3 × 9.03362 = 0.147 meV. (S3.4)
Note, value in S3.4 is the upper bound limit of DDI while the lower bound limit has negative sign, it depends on
the relative orientation of the spin. Thereby, the energy of DDI per Mn atom for Mn/W(001) system is
− 0.147 meV ≤ ed ≤ +0.147 meV (S3.5)
When upper/lower bound limit of DDI is one or two order of magnitude lower than the coupling constants of other
energy terms in the system, one may neglect with the contribution of DDI. Compare to the contribution of DDI, for
pairwise interactions one has to take into account the number of neighbors in particular shell.
Similar to the above approach, one can also estimate the contribution of dipole-dipole coupling between Mn and
underlying Co layers. The energy contribution of the Mn-Co interlayer DDI per one Mn spin can be written as
Eid =− µMnmˆi · ~HCo,
~HCo =
µCoµ0
4pia3
+∞∑
i=−∞
+∞∑
j=−∞
3 rˆij(rˆij · mˆj)− mˆj
R3ij
, (S3.6)
where ~HCo is the magnetostatic field generated by the Co layer, µCo ≈ 2µB, Rij =
√
i2 + j2 + k2, dz = ka is the
distance between Mn and Co layers. Under the assumption that Co layer is homogeneously magnetized mCo = (0, 0, 1)
(we assume µCo = 2µB = 115.8 × 10−6 eV/T) and Mn atoms are situated exactly on top of the Co lattice sites, the
field ~HCo in (S3.6) can be calculated numericaly with a high precision[10]
~HCo =(0, 0, 0.019150 ) T, dz = 1a,
~HCo =(0, 0, 0.032455× 10−3) T, dz = 2a,
~HCo =(0, 0, 0.060186× 10−6) T, dz = 3a.
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Thereby, the energies of dipole-dipole interaction per lattice site of Mn atom, µMn = 3.1µB = 179.4× 10−6 eV/T
− 0.003435× 10−3 meV ≤ Eid ≤ +0.003435× 10−3 meV, dz = 1a,
−5.822427× 10−6 meV ≤ Eid ≤ +5.822427× 10−6 meV, dz = 2a,
−10.79737× 10−9 meV ≤ Eid ≤ +10.79737× 10−9 meV, dz = 3a,
where the sign of energy contribution depends on the sign of mz of Mn atom with respect to ~HCo. The field ~HCo
decays exponentially with the distance dz and in this particular case for dz ≥ 2a the dipole-dipole coupling between
the Mn and Co layers can be neglected.
S4. DETAILS OF THE MONTE CARLO CALCULATIONS
The MC simulation [11] has been used to define the equilibrium parameters of spin structures, phase transitions and
elliptical instability as well as collapse of isolated skyrmion (iSk) discussed in the main text. We do the simulation of
annealing process to identify the ground state of the system at different magnetic field and phase transition between
ordered and paramagnetic states [12]. Phase transition lines of the first order (Btr1 and Btr2) have been found by the
calculation of the free energy difference. We have used the Bennett acceptance ratio method [13], which is based on
the counting of transition probabilities between competing phases:
∆FAB = − 1
kBT
ln
ρ(B→ A)
ρ(A→ B) , (S4.1)
where ρ(B→ A) (ρ(A→ B)) denote the transition probability from phase B (A) to phase A (B). Free energy difference
is estimated after every 10 MC steps. Calculations are carried out till the saturation of the free energy difference
∆FAB, within at least 10
6 MC steps. Calculation has been done for fixed temperature and varying magnetic field
with the step ∆B = 0.25 T.
Dependence of the equilibrium period of the SS, period of the skyrmion lattice (SkL) and equilibrium magnetization
on applied magnetic field has been found as following. By choosing finite size of domains to fit spin structure of
particular periodicity, we define the range of field where energy density of the state with corresponding periodicity
has a lowest value. In field dependence of iSk has been obtained by full relaxation for simulated domain of 64 × 64
spins size at each value of applied magnetic field.
Topological lability lines BSSL and BSkLL and lines confining the area of stable iSk BiSkE and BiSkC are found by
long time relaxation within at least 5×106 MC steps at each fixed field following with interval of ∆B = 0.1 T, at each
fixed temperature. Instantaneous and average values of topological charge (TC), magnetization and internal energy
of the system are obtain with the snapshots of the system collected after each 100 MC step. At each temperature
step with ∆T = 1K we use 104 MC steps for relaxation and 105 MC steps for statistic. A typical size of the simulated
domain in our MC simulations is of about 128 × 128.
Instead of classical Metropolis algorithm, we use small step algorithm [14] together with simple feedback algorithm
keeping value of rejection-acceptation ration at about 0.5. This allows us increase in efficiency of MC sampling by
approximately one order of magnitude without any lost of precision. Nevertheless, due to the large number of energy
terms as well as interacting shells, the calculation of the total energy is extremely time consuming. To increase
the efficiency of the calculations we use massively parallel computation within Graphic Processing Unit instead of
Central Processing Unit, allowed by recently developed CUDA technology. After optimizing the MC algorithm used
with CUDA-Fortran (extension of standard Fortran language for GPU programming), we achieved efficiency of GPU
version of the programming code approximately 20 times higher compare to CPU Fortran version.
S5. DETAILS OF THE B-T PHASE DIAGRAM.
Figure S5.1 includes more details about the magnetic phase diagram compare to that presented in the main text
for Mn/W(001) system. Below the critical magnetic field Btr1, the SS state which is the lowest energy state is shown
in Fig. S5.2a. The Fourier transformation of the out-of-plane magnetization in the inset shows two pronounced peaks
corresponding to the periodicity of the homogeneous spiral. Within the range of field between Btr1 and Btr2, the
lowest energy state corresponds to the hexagonal lattice of skyrmions as presented in Fig. S5.2c. The six pronounced
peaks surrounding the central peak in the Fourier transformation corresponds to the hexagonal symmetry of the
SkL. PSS and PSkL are the periods of the homogeneous SS and hexagonal SkL, respectively. Above Btr2 saturated
ferromagnetic state has the lowest energy.
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FIG. S5.1: Details of the phase diagram including topological lability lines.
FIG. S5.2: Snapshot of the system corresponding to (a) an ideal SS taken at applied field B = 10 T and T = 0 K, (b) the
distorted SS state due to the thermal fluctuations taken at B = 10 T and T = 75 K, (c) an ideal hexagonal lattice of skyrmions
taken at B = 30 T and T = 0 K, and (d) the skyrmion lattice which lost the long range order due to the thermal fluctuations
taken at B = 30 T and T = 75 K. Insets show the Fourier transformation of the out-of-plane magnetization of the corresponding
spin structure. The square cell in Fourier transformation image corresponds to the BZ related to the two-dimensional atomic
lattice.
In the phase diagram Fig. S5.1, we have added the topological lability lines for the SS and hexagonal SkL states.
Here, the topological lability of a magnetic state defines the range of applied magnetic field and temperature outside
of which the TC of the stable or metastable state is no longer conserved. We follow the definition of TC on a discrete
lattice given by Berg and Lu¨scher [15]. Since, the period of SkL depends on applied magnetic field (see the main
text), the TC density defined as the number of skyrmions for a fixed number of spins is also field dependent. The
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TC density remains conserved within the range of applied magnetic field bounded by the critical field line BSkLL,
outside of it the conservation of TC is violated due to the elliptical instability and/or collapse of skyrmions. This may
result in either SS state (low field case) or homogeneous ferromagnetic state (high field case). Outside the lability
lines within the SkL phase the long range order of the hexagonal phase is lost due to the thermal fluctuations but
the average distance between skyrmions remains conserved, see Fig. S5.2d and inset. Below the lability line BSSL,
the SS state has zero TC while at and above it, the thermal fluctuation results in defects, see the spin structure in
Fig. S5.2b,which lead to nonzero TC. Such an instability of SS and SkL driven by thermal fluctuations leads to the
loss of the long range order, while the short range order is still conserved. Such distorted states also can be interpreted
as so-called fluctuation-disordered state [16, 17].
Transition temperatures between the paramagnetic and the ordered phases are determined from the magnetic
susceptibility-peak position, see Fig. S5.3. It is worth to mention that the topological lability lines discussed above
can be also identified as the transition lines between ordered and disordered statesi, which is reflected by a small
FIG. S5.3: Temperature dependence of magnetic susceptibility at different applied magnetic field. The solid lines follow the
eye. Note an additional peak marked with red arrow for applied filed equal 20 T, it can be attributed with the order-disorder
transition of SkL, see critical line BSkLL in phase diagram, Fig. S5.1.
FIG. S5.4: The size of an iSk. Polar angle of the spins on atomic positions along the line crossing the center of iSk (solid circles).
Solid blue line is the tangent to the skyrmion profile at its half width. The tangent line fitted as linear function y = b− a ∗ |x|
connects two points which are nearest to the value of θ = 90◦. Diameter of the skyrmion is defined as DiSk = 2b/a. Inset shows
the central part of the simulated domain (31× 31 spins) with isolated domain corresponding to the profile in the main figure.
The dashed circle denote the size of the skyrmion. Shown iSk corresponds to the state at applied field of B = 25 T. Presented
approach for estimation of iSk size is similar to approach used by Bogdanov and Hubert [18] for continuum micromagnetic
model and can be considered as an analogue for the case of discrete lattice.
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additional peak in the temperature dependence of magnetic susceptibility, see red arrow in Fig. S5.3.
The diameter of an iSk DiSk in the main text is determined according to Fig. S5.4.
S6. ZERO FIELD ISOLATED SKYRMION STABILIZED BY ANISOTROPY.
FIG. S6.1: (a) Energy density of SS state and saturated ferromagnetic state calculated at zero magnetic field for varying value
of uniaxial anisotropy K, with fixed values of other coupling constants corresponding to the model of Mn/W(001). Ktr = 15.7
meV is the anisotropy value corresponding to the phase transition between SS and saturated state. (b) Dependence of the
equilibrium period of the spiral PSS and diameter of the iSk DiSk with respect to anisotropy at zero applied field. The maximum
anisotropy value KSSL = 17.95 corresponding to the stability of SS is slightly higher than that KiSkL = 17.35 for stabilizing
iSk. Note a different scale range for PSS on the left axis and for DiSk on the right axis. (c) Energy profiles with respect to
spiral period PSS for different values of anisotropy near the stability point KSSL. Arrows denote the position of the minimum
corresponding to the equilibrium period. All energies are counted as difference ∆E = E(P ∗SS)−E(PSS), where P ∗SS = 2.575 nm
is a value of the SS period arbitrarily chosen to have a reasonable scale for all profiles. Inset shows dependence of the energy
at fixed period P ∗SS and different values of anisotropy.
We have estimated the critical anisotropy required to stabilize the saturated state for the case of Mn/W(001).
In Fig. S6.1a we have shown the energy density dependence for the equilibrium SS and saturated states. The
transition between the states corresponds to Ktr ' 15.7 meV, which is more than four times larger than the calculated
value for Mn/W(001). Spin spiral may exist as a metastable state within a range Ktr < K < KSSL, where KSSL
corresponds to the anisotropy above which SS loses the stability, lability point. Figure S6.1c illustrates the energy
profile corresponding to the SS state for different anisotropy values near the lability point KSSL = 17.95 meV. For
K > KSSL the only solution is PSS →∞ which corresponds to the saturated state.
Isolated skyrmions exist as a metastable state for K > KiSkL > Ktr, where KiSkL is a stability point for iSk. In
this region, the size of skyrmions is extremely small, DiSk < 1 nm compare to the smallest skyrmion which we found
under applied magnetic field, see main text.
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